We present an approach which allows the consistent treatment of bound states in the context of the dc conductivity in dense partially ionized noble gas plasmas. Besides electron-ion and electronelectron collisions, further collision mechanisms owing to neutral constituents are taken into account. Especially at low temperatures T ≈ 1eV, electron-atom collisions give a substantial contribution to the relevant correlation functions. We suggest an optical potential for the description of the electronatom scattering which is applicable for all noble gases. The electron-atom momentum-transfer cross section is in agreement with experimental scattering data. In addition the influence of the medium is analysed, the optical potential is advanced including screening effects. The position of the Ramsauer minimum is influenced by the plasma. Alternative approaches for the electron-atom potential are discussed. Calculations of the electrical conductivity are compared with experimental data.
I. INTRODUCTION
Properties of strongly coupled plasmas are of high interest for laser-induced dense plasmas (warm dense matter, WDM) and astrophysical systems. Up to now, the description of such partially ionized plasmas (PIP) is still a challenge in plasma physics because the quantumstatistical treatment of electron-atom (e-a) collisions in dense matter is complex. Transport properties are an important input for simulations. In this work, the electrical conductivity is investigated for dense noble gases at temperatures of T ≈ 1eV where the plasma is non-ideal and partially ionized.
Fully ionized plasmas (FIP) are analysed by the kinetic theory approach. The Boltzmann equation is solved e.g. by Spitzer [1] using a Fokker-Planck equation, BrooksHerring [2] or Ziman [3] using the relaxation time approximation, commonly known analytical formulas for the electrical conductivity are given. The electron-ion (e-i) collisions are well described in a wide parameter range, whereas the treatment of e-a collisions is not trivial within an analytical approach. Within the LinearResponse-Theory (LRT) the treatment and inclusion of different collision mechanisms is vivid. In recent years, the influence of electron-electron (e-e) collisions at arbitrary degeneracy was discussed in Born approximation for a fully ionized plasma (FIP) by Reinholz et al. [4] and Karakhtanov [5] , leading to a systematic interpolation between the Spitzer and the Ziman limit, see also Esser et al. [6] . A correction factor is obtained which depends in contrast to the Spitzer value on density and temperature.
Nevertheless these formulas valid for a FIP are not sufficient for the description of dense partially ionized noble gases, because bound states play an important role. Their treatment in a quantum-statistical approach is possible if considering a chemical picture. Here, the electronion bound-states are identified as atomic species. We consider a PIP containing atoms, electrons and singly charged ions (n e = n i ) with a heavy particle density n heavy = n a + n i . For the considered densities multiple ionized ions are not relevant, a generalization is possible. Results for hydrogen are analyzed in [7] [8] [9] . The scattering mechanism between electrons and atoms in the correlation functions are immediatly included. The electron-atom (e-a) collisions are in particular relevant for non-degenerate plasmas if the system is below the Mott density. Above the Mott density the bound-states are dissolved.
For the analysis of e-a collisions, two important points have to be solved. In the chemical picture, the e-a correlation function depends on the composition of the plasma, which can be determined from the mass-action laws. The Saha equations have been studied for a long time by many auhors, e.g. Ebeling et al., see [10, 11] and Förster [12] using Padé techniques. The program package COMPTRA, for details see [13] , allows the calculation of composition and transport properties in nonideal plasmas. It has been successfully applied to metal plasmas, see also [14, 15] .
In contrast to this, experimental data for noble gases have been understood only qualitatively, see [16] . A temperature dependent minimum in the conductivity can be observed as a consequence of the composition, but discrepancies with the experiment can be up to two orders of magnitude. Kuhlbrodt et al. [16] believes that this results from using the polarization potential for the e-a collisions. In [17] , Adams et al. verified this statement comparing the calculated momentum-transer cross sections using a polarization potential with measured data. Subsequently, using the experimental data obtained for the isolated e-a momentum-transfer cross section and the composition calculated by COMPTRA04, Adams obtained quantitatively good agreement with experimental results for the conductivity of noble gases. Recently, results from swarm-derived cross sections using different Boltzmann solvers and Monte Carlo simulations have been obtained and compared with experimental data for the isolated e-a scattering process, see [18] [19] [20] . Especially for low energies, a good agreement has been found.
However, plasma effects like screening cannot be included by using the experimental transport cross sections for isolated systems. An alternative to the polarization potential is the construction of a so-called optical potential [21] [22] [23] [24] . Such a potential model has been successfully applied to describing the e-a momentum-transfer cross sections of all noble gases in a wide energy region, see [25] . The downside is the large number of free parameters and the fact, that no unique expressions for all noble gases is known. In this work, we show that a modification in the approximation of the local exchange term leads to a universal expression for the cross sections for all noble gases. Adapting only one free parameter we find good agreement with the experimental data.
In order to take into account the plasma environment, the optical potential for isolated systems is further modified by a systematic treatment of statical screening. Specific screening effects on the e-a potential for a hydrogen plasma in the second order of perturbation, neglecting the exchange effects, have been discussed by Karakhtanov [26] . Similar characteristics, e.g. a repulsive e-a potential at large distances, are found for the noble gases in this work.
II. ELECTRICAL CONDUCTIVITY IN T MATRIX APPROXIMATION
Within the LRT transport coefficients of Coulomb systems are obtained by equilibrium correlation functions. According to the Zubarev formalism [27, 28] the static electrical conductivity is represented by
(1)
is the Kubo scalar product
where Ω N is the normalization volume, Γ(x) is the Gamma functions, I ν (α) are the Fermi integrals and α = βµ id e is the degeneracy of electrons. The degeneracy α is related to the degeneracy parameter Θ = (3π 2 n e ) −2/3 (2mk B T / 2 ). The plasma is further characterized by the coupling parameter Γ = (4πn e /3) 1/3 e 2 /(4π 0 k B T ). Considering the dominant contributions by the electron current we use the generalized moments P l as relevant observables [28] :
with β = (k B T ) −1 , k the moment of electrons and E k = 2 k 2 /2m the kinetic energy of the electrons. The generalized force-force correlation functions
Separating the interaction potential into the e-i, e-e and e-a contributions (V = V ei + V ee + V ea ), the generalized force-force correlation functions are splitted into the different scattering mechanisms
The contributions d ec ll are calculated in T matrix approximation, see also [9, 29, 30] . For electron-ion and electron-atom collisions we treat the ions and atoms classical. Within the adiabatic limit the correlation functions d 
with the Fermi distribution function for electrons
is the momentum-transfer cross section:
The interaction between electrons and ions in the plasma is described by a dynamically screened Coulomb potential, see [30] . In the adiabatic limit the dynamically screened Coulomb potential is replaced by a statically screened Coulomb potential (Debye potential)
with the inverse screening length κ 2 = (2Λ −3 e I −1/2 (α) + n i )βe 2 / 0 and the thermal wavelength Λ e = (2πβ 2 /m) 1/2 . A recent discussion of the ionic contribution on the correlation functions is given by Rosmej [31] .
The e-e contribution d ee ll is more complex, see [4, 9] . In the region of partially ionized noble gases the freeelectron density in the plasma is low (Θ > 1), the e-e correlation function can be simplfied to
Q ee v [V ee ] is the viscosity cross section:
In general, the e-e interaction is also described by a dynamically screened Coulomb potential. For partially ionized plasma the free electron density n e is low and the replacement of the dynamical screening by a statical screening is applicable V ee (r) = −V D (r), see [30] . The effect of dynamical screening by an effective screening radius, see [30] , is discussed in [4] which leads to a difference in the results by less than 2%. Alternatively, dynamical screening can be taken into account by a Gould-DeWitt sheme, see [32] . The cross sections are calculated via the partial wave decomposition (c = i, a)
with the scattering phase shifts δ . The phase shift calculations are performed using Numerov's method. The convergence of these cross sections depends on the temperatures. With increasing temperature the number of relevant phase shifts increases. For high temperatures T > 10 6 K the Born approximation (BA) is applicable:
with the Fourier transformed potentialṼ (q) = Ω
, the relative mass µ ec = m e m c /(m e + m c ), the transferred momenta q = |q| = |k − k | = 2k sin(ϑ/2) and q = |q | = |k + k | = 2k cos(ϑ/2).
III. ELECTRON-ATOM INTERACTION IN DENSE PLASMA A. Optical potential for isolated systems
Within the Green functions technique [33] the interaction between electrons and atoms is expanded up to the second order of perturbation, see also [26] 
In [26, 33] the non-local exchange part V ex is neglected. In this work we consider the role of exchange in a local approximation, see Sec. III B.
The first order term V (1) describes the Coulomb interaction between the free electron with the nucleus as well as with the bound electrons. This part is commonly known as the Hartree-Fock potential V
(1) ≡ V HF (r) given by
where ρ(r) is the bound electron density in the target atom, which is here calculated taking the atomic Roothaan-Hartree-Fock wave functions [34] . For large distances V HF (r) decreases exponentially. In contrast to this result the large distances behavior for the interaction between electrons and neutral particles is obtained by Born and Heisenberg [35] as V ea (r → ∞) ∝ −r −4 . Using the Green functions technique Redmer et al. found this behavior by the second order of perturbation which is related to the polarization potential V (2) ≡ V P , see [33] . For the polarization potential we take the form used by Paikeday [36] :
where α is the dipole polarizability and r 0 is a cut-off parameter which we take here as a free parameter in the scale of the Bohr radius a 0 .
In general the polarization potential depends on the energy. However, Paikeday obtained a weak dependence on the energy, which is negligible for our considerations, see [36] . In contrast to the form Eq. (15) a lot of different analytical forms for the polarization potential are used, see [22, 33, 37, 38] . The cut-off parameter r 0 is also treated in a different way. In [33] this parameter is taken to give the correct value for V P (0). Mittleman and Watson [39] derived an analytical formula considering semi-classical electrons r 0 = (αa 0 /(2Z 1/3 )) 1/4 . Nevertheless for short distances the finite polarization part is negligible in contrast to the dominant divgerent Coulomb interaction in the Hartree-Fock term. So it seems to be desirable to choose r 0 optimal for intermediate distances in contrast to the short distances case r = 0. Alternatively, the cutoff parameter is adjusted by the experimental data for the differential cross section for electron-atom collisions by Paikeday at intermediate energies, see [36] . For positronatom collisions (no exchange part), Schrader adjusted the cut-off parameter by experimental data for the scattering length, see [38] . In this work the cut-off parameter is determined by a correct low energy behavior for the ligther elements helium and neon and by a correct description of the position and hight of the Ramsauer minimum for the havier elements argon, krypton and xenon. In Sec. IV A, the results are compared with the experimental data for the momentum-tranfer cross section. The values for the cut-off parameter r 0 are given in Tab. I.
With Eqs. (14, 15 ) the electron-atom interaction Eq. (13) is refered as the optical potential [21, 24] 
where the exchange contribution is approximated by a local field. 
B. Approximation of the exchange potential
In the optical potential model the exchange contribution is considered in a local field approximation. The general accepted exchange potential is derived in a semiclassical approximation (SCA) [40] [41] [42] :
with the local electron-momentum K(r) in the introduced version of Riley and Truhlar [41, 42 ]
In competition to the SCA for a free-electron gas Mittleman and Watson [43] derived a local exchange potential, see also [41] (19) with the Fermi momentum K F (r) = 3π 2 ρ(r) 1/3 and the function
The treatment of the local electron-momentum K(r) is different. In contrast to Riley and Truhlar K(r) = K RT (r), Eq. (18), Hara assumed the inclusion of the ionization potential I into the local momentum [44]
It is discussed by Hara [44] as well as by Riley and Truhlar [41] , that K H (r) leads to a wrong asymptotic behavior of the exchange potential for large distances. Some modifications are performed in [23, 41] .
In this work the local momentum of Riley and Truhlar is modified by
In contrast to Riley-Truhlar's free-electron-gas exchange approximation (FER) we include the momentum-free ex-
The quality of the proposed local exchange approximations is verified due to a comparison of the scattering phase shifts with the static-exchange approximation (SEA) using the non-local exchange term. The SEA is the solution of the scattering process in first order of perturbation neglecting polarization effects. For a consistent comparison we omit the polarization potential (V PP = 0) in this subsection.
In Tab. II phase shifts calculations are performed for the different proposed local exchange potentials with the non-local exchange term performed for helium by Duxler et al. [45] , for neon by Thompson [46] , and for argon by Thompson again and by Pindzola and Kelly [47] . Hara's free-electron-gas exchange approximation underestimates the effects of exchange, wheras Riley-Truhlar's free-electron-gas exchange approximation overestimates the effects of exchange. For helium and argon this result was already obtained by Riley and Truhlar [41] . The best agreement with the SEA phase shifts yield the popular SCE potential as well as the proposed exchange potential RRR Eq. (19, 22) . Both potentials leads to the same high-energy asymptotic limit. For small wave numbers κa 0 ≤ 0.5 the proposed exchange potential leads to the best results with an error ≤ 0.1 rad. In particular for helium and neon the proposed potential works very fine. The exchange part for both noble gases is more of interest as for argon because their polarizability is one order of magnitude lower as for argon. The polarization part for argon is of higher interest as for helium and neon. So for explicit calculations the momentum-transfer cross sections for helium and neon is more influenced by the exchange part as for argon.
C. Plasma effects
The dominant plasma effect is the screening of the electron-atom potential. The screened optical potential is given by the screening of each contribution
The effect of screening was extensively analysed for the polarization potential and a screening factor e −2κr (1 + κr) 2 was obtained by Redmer and Röpke [48] V s P (r) = V P (r) e −2κr (1 + κr) 2 .
The Hartree-Fock part for isolated systems is determined by the Coulomb interaction between the incoming electron with the core as well as with the shell electrons. Screening effects for this part can be considered by replacing the fundamental Coulomb interaction by a Debye potential. For partially ionized hydrogen plasma this is done by Karakhtanov [26] . The screened Hartree-Fock potential is
which is derived in App. A. For large distances this potential becomes repulsive, see App. B. In App. B the asymptotic behavior at large distances r → ∞ for the screened Hartree-Fock part is derived for intermediate screening parameters 0 < κa 0 < 1
C 0 is a characteristic quantity for each element. For hydrogen we obtain C H 0 = 1/2 which is in agreement with the results in [26] . For the noble gases we find C In contrast to the unscreened case in which the polarization part is the main contribution to the optical potential at large distances we obtain the Hartree-Fock term is dominant, the screened optical potential become repulsive for all noble gases. In Fig. 1 this effect is illustrated for argon. Karakhtanov [26] obtained the same effect for partially ionized hydrogen. For short distances screening effects are not visible. We estimate for the momentum-transfer cross section small differences at higher energies. Great differences and qualitative different behaviors of the momentum-transfer cross sections are obtained at low energies. The results are given in Sec. IV B.
IV. RESULTS

A. Momentum-transfer cross section
The momentum-transfer cross section for the electronatom interaction is determined by the phase shifts of the optical potential using the values for the cut-off parameter r 0 in Tab. I.
In Fig. 2 the results are compared with experimental data. As a first result the form of the momentumtransfer cross section for all noble gases is in agreement with the experimental data. We conclude that the simple structure of helium as well as the specific structure of the other noble gases is well described by the optical potential. For low and intermediate energies the results are in good agreement with the experimental data. For instance, the shoulder for neon is reproduced as well as the Ramsauer minimum obtained for argon, krypton and xenon are reproduced. For large wavenumbers the discrepancies between the calculated and measured values increases for argon and krypton. (14), (15), (19) and (22) in comparison with the optical potential used in [25] . Also shown are experimental data [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] .
To compare with other theoretical results calculations by Adibzadeh and Theodosiou [25] are given. The optical potential is used in a different way as in the present work. For each element different exchange and polarization potentials are adjusted including four parameters. The discrepancies with the experimental data are in the same order as the present results which only includes one adjusted parameter. Adibzadeh and Theodosiou calculated for the heavier noble gases argon, kypton and xenon a smaller maximum in contrast to the proposed form for the optical potential. This difference can be explained by the different choice of the exchange and polarization term.
B. Screening effects on the momentum-transfer cross section Fig. 3 shows the results of the momentum-transfer cross section using the screened optical potential for helium and argon. As known from the e-i interaction also in the case of e-a collisions the plasma environment affects the transport of slower electrons more than for faster electrons. First we consider argon. For thin plasmas κa 0 < 0.025 the momentum-transfer cross section decreases rapidly for slow electrons, the Ramsauer minimum is resolved at κa 0 ≈ 0.025. This is a consequence of the reduced zeroth scattering phase shift δ 0 (k) for the repulsive screened optical potential at large distances. Around intermediate and high energies ka 0 ≥ 0.2 discrepancies to the momentum-transfer cross section of isolated systems bescome small. The influence on the correlation functions is smaller than 1% for T ≈ 10 4 K. For high dense plasmas κa 0 > 0.025 the repulsive screened optical potential reduces the zeroth scattering phase shift δ 0 (k) to values less than 3π so that the momentum-transfer cross section Q ea T (k) increases. The new minimum which appears in the momentum-transfer cross section Q ea T (k) is a result of higher phase shifts which is different to the Ramsauer effect. The minimum depth increases with the screening parameter κ and the minimum position shifts to higher wave numbers. Furthermore the maximum position is also shifted to higher wavenumbers and the height decreases. The influence on the correlation functions is smaller than 2% for T ≈ 10 4 K. The effecte becomes more relevant for small temperaures.
We obtain similar results for helium. As a consequence of the first scattering phase shift δ 1 a minimum appears in the momentum-transfer cross section. For higher densities the minimum depth increases and its position shifts to higher wave numbers as well as for argon. At κa 0 ≈ 0.1 the minimum changes to a saddle point and for higher screening parameters κ to an inflection point. For low temperatures T ≈ 5 000K the influence on the correlation functions is around 10%.
C. Correlation functions
For partially ionized systems the composition is an ingrediant to calculate the influence of the electron-atom contribution. The composition of the noble gases for a given temperature T and mass density ρ is calculated with Comptra04 [13] . Fig. 4 shows the ionization degree α e = n e /n heavy of the noble gases He, Ne, Ar, Kr and Xe at T = 20 000 K for heavy particle densities n heavy = ρN A /M = n a + n i between 10 18 cm −3 < n heavy < 10 22 cm −3 on the left side and in dependence on the degeneracy parameter Θ between 1 < Θ < 1000 on the right side. At low densities the ionization degree is ≈ 1, we estimate a small contribution due to e-a collisions for the electrical conductivity. For intermediate densities the ionization degree has a minimum and we estimate a dominant contribution by e-a collisions. For high densities bound states are dissolved by the Mott effect the plasma becomes fully ionized n ea ≈ 0. Because of Pauli blocking, also e-e contributions can be neglected and only the e-i contribution is important for the conductivity, the Ziman formula is applicable.
The different contributions for the correlation functions are shown in Fig. 5 . Despite the small ionization degrees the charged particle contributions yield the dominant parts for helium at Θ > 600 and neon at Θ > 60 in d 11 (only e-i) and d 33 (e-i and e-e) because of the weak e-a interaction (weak Q ea T ) in contrast to the charged particle interaction. The e-e contribution is explicitly given in d 33 . For low densities the ratio between the e-i and the e-e contribution is d 
D. Electrical conductivity for partially ionized noble gases
Using the total momentum of electrons P 1 and the heat current P 3 as relevant observables the conductivity, Eq. (1), is calculated within the correlation functions d 11 , d 13 and d 33 and the composition calculated with Comptra04. Theoretical results of the conductivity depending on the heave particle density n heavy are compared with experimental data in Fig. 6 .
In Fig. 6 above (a,b) the strong reduction of the conductivity as the consequence of e-a collisions is shown at T ≈ 20 000 K. Corresponding to Fig. 4 and 5, the reduction is stronger for the lighter elements. The characteristic minimum in the conductivity and a systematic behavior is observed for all noble gases. The experimental data for the conductivity are described by the PIP using the optical potential. Similary good results are found by Adams et al. who used the experimental momentumtransfer cross sections describing e-a collisions.
In Fig. 6 below (c,d ) the conductivity depending on n heavy is presented at various temperatures for argon and xenon. Experimental data are compared with calculations based on the optical potential, Eq. (23), and calculations performed by Kuhlbrodt et al. [16] based on the polarization potential for the description of e-a collisions.
Also for the lower temperatures T = 10 000 K the experimental data for the conductivity are described by the PIP using the optical potential. The qualitative behavior of the conductivity e.g. the characteristic minimum is also observed by Kuhlbrodt et al. [16] but the difference is up to two orders of magnitude, the polarization potential is not sufficient describing the e-a collisions.
V. CONCLUSION
Within the LRT general expressions for plasma properties are obtained starting from a quantum-statistical approach. Introducing the chemical picture and the composition given by the ionization equilibrium the atoms (bound-states) are considered as a new species. Semiempirical expressions for the effective potentials in particular for the e-a interactions can be derived by first principle approaches. We introduce the optical potential to describe the e-a interaction. A more systematic approach using the Green function method would give an interaction which is nonlocal and energy dependent. So the used optical potential is motivated by the perturbation theory up to second order which combines the Coulomb interaction which is relevant for the short dis- tances and the polarization potential relevant for large distances. We used an exchange contribution determined by an effective field. This contribution is determiend by the condition that the characteristic scattering phase shifts of the non-local first order perturbation theory, the static-exchange approximation, are reproduced. We show that a unique form of the optical potential can be introduced to describe the momentum-transfer cross section for all noble gases with high precision. Only one parameter r 0 is adjusted describing the e-a scattering mechanism. Beyond the Born approximation specific effects e.g. the Ramsauer-Townsend minimum appear within a T matrix approach.
The optical potential model is extended to describe dense plasma environment in which screening effects arise. The effects on the momentum-transfer cross sections are shown. We show the Ramsauer-Townsend minimum is modified by plasma effects. Furthermore the electrical conductivity is calculated in a good agreement with experimental data. We found that for plasma conditions T ≈ 1eV and n heavy ≈ 10 21 cm −3 the screening effects on the conductivity are smaller than 2%. This explains why the calculations for the conductivity using the experimental momentum-transfer cross sections [17] are in a good agreement with the measured data.
In general, to explore WDM but also ultra-cold gases the medium (plasma) effects may become more significant to describe transport properties. For future work improved screening effects (dynamical screening), the Pauli blocking, the static structure factor and degeneracy effects on the quantum mechanical T matrix can also be treated with our quantum-statistical approach. 
For large distances r → ∞, I 3 is bigger than the last term in Eq. (B3), so that V HF (r) becomes repulsive. Expanding the exponential functions for I 1 and I 2 up to the third order (κr 1 ) 3 we find 
For 0 < κa 0 < 1 at the dominant contribution in the first term is in order to O(κ 2 e −κr /r). The last term decreases faster for large distances r → ∞, we obtain 
